3D-model analysis plays an important role in numerous applications. In this paper, we present an approach for Reeb graph extraction using a novel mapping function. Our mapping function computes a real value for each vertex which provides interesting insights to describe topology structure of the 3D-model. We perform discrete contour for each vertex according to our mapping function. Topology changes can be detected by discrete contours analysis to construct the Reeb graph.
INTRODUCTION
Nowadays, 3D data become more and more a major interactive graphical experience. A growing number of 3D graphics applications have an impact on today's society. These applications are being used in several domains ranging from digital entertainment, computer aided design, to medical applications. The evolution of this domain has created the need for 3D processing and analysing tools at the geometric, topological, and semantic levels. In the same vein, we see the benefits of topology graphs such as Reeb graph in many applications in diverse fields. It has shown to be interesting for shape description, 1 surface parametrization, 2 mesh segmentation, 3 retrieval, 4 and so on.
When dealing with topological structure based on Reeb graph, obviously, we have to define an appropriate mapping function. This mapping function should respect the invariance to rigid and non rigid transformations, the insensitivity to noise, the robustness to small topology changes, and the independence on parameters. The definition of such a mapping function remains an open question.
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To answer this question, we propose in this paper an approach to define a mapping function based on the diffusion distance 5 and the commute-time distance. 6 Then, we analyse the topology structure and compute the Reeb graph. This paper is organized as follows: In section 2, we introduce topological structure and function on surfaces related work. Section 3 presents mathematical background and definitions. In section 4, we discuss the construction and the properties of our mapping function. Then, section 5 is about Reeb graph computation and topological analysis of the mesh. Parameter settings of our method are defined in section 6. Before the conclusion, the experiments that prove the efficiency of our approach are explored in section 7.
SCALAR FUNCTION ON SURFACES RELATED WORK
Several approaches have been explored for analysing the topological structure of a 3D-model. Traditional skeleton extraction and mesh segmentation approaches are not clearly defined to preserve topological properties of a 3D-model faced to the Reeb graph theory.
7 Our method proposes a solution to the definition of an appropriate scalar function that presents the stability and the invariance properties. We focused on methods existing in the state-of-the-art that address this problem.
The scalar function f : S → is defined by a real value for each vertex of a polygonal mesh. Critical point are located by this function. The type and the number of these critical points are related to the topology of the mesh. In the literature, the use of a scalar function computed over triangulated surfaces is an important tool for a 3D-model analysis in different tasks: topological structure of a 3D-model, 8 surface coding and modelling, 9 molecular analysis, 10 and so on.
The height function was firstly applied by Shinagawa and Kunii 11 and is a simple example to understand the Reeb graph. Most of the methods define the scalar function using many techniques based on the geodesic distance (the length of the shortest path between vertices).
3, 4, 12 These functions are very sensitive to small topology changes.
Mortara and Patané
13 extracted feature points where Gaussian curvatures are dependant on a given threshold. However, the drawback of this method appears when using constant curvature surfaces.
Gebal et al
14 define an autodiffusion function depending on the time variable that leads to very different levels of details. This function computes the remaining heat on each vertex after a scale time t. For scale invariance the authors normalise the spectrum (eigenvalues) of the graph. The autodiffusion function based on the heat kernel that depends on eigenvalues and eigenvectors of Laplace-Beltrami operator. In the discrete space for his application, the authors use the cotangent weight 15, 16 that minimize the Dirichlet energy. This may creates other unexpected local extrema due to the negative values of geometry weights.
Tierny et al
12 detect the farthest two points on the mesh, then the authors compute two sets of feature points based on local maximum (a vertex such that all its direct neighbours have a lower values) from the farthest two points. The intersection of the two sets computed eliminates the unwanted feature points. The authors define the scalar function as the geodesic distance to the nearest feature point. The method's disadvantage that is sensitive to a small topology changes.
Ni et al
8 solve the Laplace equation adding selected vertices as constraints elements, the resulting function will be harmonic. This method yields to a smooth function to eliminates local maximal point except at its boundary.
MATHEMATICAL BACKGROUND AND DEFINITION
In this section we present the mathematical background needed to compute our mapping function. We firstly present the general heat kernel definition which will be used to define the diffusion distance and the commute-time distance. At last, we define the Reeb graph in the continuous space.
The definition of the heat kernel
Let S be a connected closed Reimannian manifold. Given an initial heat distribution U :
is a given function on the mesh. The heat diffusion process on S is governed by heat equation:
for x ∈ S and 0 < t < ∞, and the distribution of the heat U is a function defined on
is the amount of heat on the surface S at point x in time t. Δ S is a generalization of the Laplacian to non-euclidean domains (from flat spaces to manifolds) called Laplace-Beltrami operator. We consider that the operator is separable, initial and boundary conditions are on constant-coordinate surfaces. Using the separation of variables method we get the spectral problem:
S is a compact manifold, Δ S is compact self-adjoint operator in L 2 (S). By the finite-dimensional spectral theorem such operators have an orthonormal basis in which the operator can be represented as a diagonal matrix with entries are real numbers. The basis constitutes on the surface from the eigenfuctions ψ n and all the eigenvalues λ n are positives. The operator −Δ S is represented by the diagonal matrix λ i (0 ≤ i ≤ n). By the spectral theorem the operator e tΔ S has the diagonal matrix entries e −tλi .
Since the equation 1 is a homogeneous linear equation the initial heat distribution U (0, x) can be written in the basis as the following expansion:
where the inner product is defined as the surface integral
The solution of the problem can be written as:
Finally 
Diffusion and Commute-Time distances
The diffusion distance is a metric 5 defined using the heat kernels as
In spectral expression
The diffusion distance d S (t, x, y) between a pair of nodes (x, y) on the surface S measures the connectivity with paths of length time variable t that connect (x, y). The connectivity is deduced from a normalized probability of paths that connect (x, y). The diffusion distance increases in value if there is a few paths connecting a pair of nodes. For small t the diffusion distance depends on local information since the diffusion did not propagate significantly.
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The commute-time distance is defined similarly to the diffusion distance. But the commute-time distance take into consideration of all paths connecting a pair of nodes in the graph, not only paths with length t
Reeb Graph
A Reeb graph 7 is an interesting graph to describe topology structure that encodes the connectivity of its level sets based on the critical points of a scalar function. In continuous space, Reeb graph is defined as follow: Let S be a compact manifold and f : S → be a real valued function on S. The Reeb graph of f is the quotient space of f in S × by the equivalence relation "∼" defined as (
In an other way, all nodes having the same value under f are represented by one element in the Reeb graph. Fig 1 illustrates the Reeb graph on a human body and a 3D-model with genus 3 using the height function f (v i ) = z i the height coordinate of the vertex v i . 
CONSTRUCTION AND PROPERTIES OF THE MAPPING FUNCTION
To compute the Reeb graph of 3D-model, we have to define an appropriate mapping function. This function must have properties of stability and invariance in order to highlight the most meaningful parts of a 3D-model. The construction of our mapping function consists of three steps. First, we extract the feature points. Then, the mapping function is computed based on these feature points. At last, the mapping function is transformed to a piecewise linear Morse function.
Feature point extraction
We define vertices located on the extremities of the important elements of the model as feature points. These feature points will be used as origins of our mapping function. In the literature, many techniques were proposed to detect feature points. 12, 14, 20 The autodiffusion function proposed by Gebal et al 14 detects feature point automatically since the quantity of heat that remains will be bigger on features or close to them. But to our experiments, this function generates undesirable feature points or misplaces them. Tierny et al 12 proposed a crossed analysis method using two geodesic function. The author's algorithm produces well-localized feature points but very sensitive to topology changes. Our method is inspired from Tierny et al. 12 The method starts by feature points extraction using the diffusion distance. In a large time variable t, global properties are detected and the farthest two feature points (where the diffusion distance is minimum) are computed. Let V 1 and V 2 be the farthest feature points. These two feature points are used as origins for two scalar function defined as
In a small variable time t, we compute local minimum diffusion distance (vertex that all its level-one neighbours have a higher value) to detect local properties. Let S 1 and S 2 be the set of local minima of f V1 and f V2 respectively (see Fig 2(a) and Fig 2(b) ). The set of feature points is the union of S 1 and S 2 presented in Fig 2(c) . In the discrete space, feature point will appear in the same neighbourhood of the vertex not exactly on the sameones this is why we put a limit dependant on a one level neighbourhood. This combination of local and global properties to extract feature points shows good results on different 3D-models under different rigid and non-rigid transformations (see Fig 3) . 
Mapping function computation and properties
The concept of the mapping function is to reveal the most meaningful parts of the model. Tierny et al 12 define a mapping function that computes for each vertex v the geodesic distance to the nearest feature point. This function does not handle small topology changes and is very sensitive to noise. Since the commute-time distance takes into consideration of all paths connecting a pair of nodes in the graph, a small topology changes do not affect enormously the results. Based on this distance we define our mapping function F m that computes for each vertex v the commute-time distance to the nearest feature point.
where V i is the i th feature point and nbV i is the number of feature points. The mapping function is defined by the commute-time distance. It is computed using the using the eigenfunction and eigenvalue of the LaplaceBeltrami operator. It can be seen as global smooth scalar function and handle noisy data. For uniform scaling, we normalized the spectrum (eigenvalues) of the mesh. The mapping function is defined to be dependent only on the structure of the mesh. This makes it robust to isometric invariance.
Piecewise linear Morse function
In the discrete space, Reeb graph needs to be defined relatively to a piecewise linear Morse function. To transform the mapping function defined in section 4.2 to a Morse function, we used a perturbation strategy such that the mapping function takes distinct values in every vertex of the mesh. That will guarantee distinct values of the function on critical points and transform degenerate critical points into non degenerate ones (see Fig 4) . Let  V s = v 0 , v 1 , ...v i , . ..v n the set of vertices, where v i is the i th vertex. We sorted V s with regard to the F m (v), and added a constraint by considering the neighbours of a vertex. Then, we introduced the perturbation strategy induced by f : S → as follows:
with n number of vertices in V s . 
REEB GRAPH COMPUTATION AND TOPOLOGICAL ANALYSIS OF THE MESH
After the computation of the Morse function in section 4.3 on the mesh, we use the defined function to generate level sets.
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These level sets are defined by the equivalence relation in section 3.3. We analyse them to define 4 types of topological changes: the start point is located where the value of the Morse function is the minimum (center of the 3D-model). Bifurcation or junction are detected where the level sets split or merge respectively, and the last types is the termination point. The critical points are created in each iteration where we detect a topological changes. These critical points and the connection between them correspond to the nodes and the edges of the Reeb graph.
PARAMETER SETTINGS OF OUR METHOD AND IMPLEMENTATION
In the discrete space, to formulate the diffusion distance and the commute-time distance on surface meshes, we need to discretize the Laplace-Beltrami operator and compute the eigenfunctions and the eigenvalues.
In practice, we numerically computed the eigenfunctions and the eigenvalues using the discretization proposed by Meyer et al. 22 We solve the generalized eigenvalue problem using the Implicitly Restarted Arnoldi Method implemented in MatLab. 3D-models with boundary are solved by imposing the Newman boundary condition. 23 We force the outward normal derivative to be zero on the boundary vertex.
We define the basis by 50 eigenfunctions related to the 50 smallest eigenvalues. The first 50 eigenvalues are fairly enough to detect the most important details and smooth enough to eliminate the noise. To extract feature points described in section 4.1, the diffusion distance is estimated in a small and in a large variable time t. For small t ranging in [1, 2] , the diffusion is propagated significantly to detect local properties. For a large t > 15, the diffusion distance remains almost unchanged; so we fix it to 20. Experiments and results of Reeb graphs on various 3D-models are generated using the Visualization Toolkit (VTK). The Visualization Toolkit implements the most robust Reeb graph computation algorithms. 
EXPERIMENTS AND RESULTS
In this section, we evaluate our method on 3D-models presented as connected triangulated surfaces and we discuss three points: experiments on our mapping function, examples on different types of 3D-models including partial and combined ones, and finally we prove robustness to topology changes.
Experiments on our mapping function
Our mapping function expresses the robustness against variations in 3D-model pose. In Fig 6 , the same colors have been affected to the same corresponding regions. Variation from red to blue colors expresses the increasing values of the mapping function. Our mapping function does not depend on a parameter to handle the level of details. It describes the local details and also describes the global ones as shown in Fig 7(j) . As an example the small fingers and the back of the camel are detected. The autodiffusion function defined by Gebal et al 14 depends on a parameter to handle the level of details. For a large variable time t, the function describes the global details of the 3D-model and misses the small ones. For a small variable time t, the autodiffusion function detects all details and moreover, it manages an important number considered as details that will lead to create unwanted branches in the Reeb graph.
Two reasons, as drawbacks of our method, lead to perturb the Reeb graph. First, the scalar value based on the mapping function on each vertex and its neighbours are very close or almost similar. These values depend on a variation around 10 −20 and affect a bifurcation to change direction. In Fig 6(d) the connection from the right breast to right the shoulder changed to the left shoulder. After the perturbation strategy, the Morse function takes into consideration the number of vertices to sort. This leads to detect bifurcation or junction in the construction of the Reeb graph, such as the chest of the human model in Fig 5(j) . 
Examples on different types of 3D-models
We tested our method on different types of 3D-models including 3D-models with missing parts or combined with others. Fig 5(a) and Fig 5(b) show the robustness of our mapping function that leads to a stable Reeb graph. The Reeb graph of a partial 3D-model (Fig 5(h) ) includes the Reeb graph of its null 3D-model (Fig 5(g) ).
Fig 7shows examples of our method applied on 3D-models with rigid and non rigid transformations. Fig 7 shows the robustness of the mapping function toward a small topology change. The colors remain the same after adding a small topology change linking the hump and the hand in Fig 6(b) . This proves the invariance of our mapping function toward a topology change, due to the commute-time distance which took into consideration all paths connecting the vertices. If we apply a function based on the geodesic distance like the one defined by Tierny et al , 24 the Reeb graph will globally be changed. But using our mapping function, the Reeb graph undergoes the local change to describe the genus created toward the topology change.
Robustness to topology changes

CONCLUSION
To conclude, we presented in this paper a robust invariant mapping function for Reeb graph computation. This mapping function has good properties as the invariance to rigid and non rigid transformations, the insensitivity to noise and the robustness to small topology changes. We used this function to compute the Reeb graph which encodes the topological information of the 3D-model. Our approach includes a method to extract stable feature points defined on the extremities of a 3D-model. Also, the paper includes a perturbation strategy to transform the mapping function to a Morse function. To show the effectiveness of our approach, we applied our method to different types of 3D-models including partial and combined ones and we prove the robustness toward a topology change.
